DEFINABILITY AND DECIDABILITY IN INFINITE ALGEBRAIC EXTENSIONS 



ALEXANDRA SHLAPENTOKH AND CARLOS VIDELA 



Abstract. We use a generalization of a construction by Ziegler to show that for any field F and 
any countable collection of countable subsets At Q F, i e J? c Z>o there exist infinitely many 
fields K of arbitrary positive transcendence degree over F and of infinite algebraic degree such 
that each Aj is first- order definable over K. We also use the construction to show that many in- 
finitely axiomatizable theories of fields which are not compatible with the theory of algebraically 
closed fields are finitely hereditarily undecidable. 



1. Introduction 

In this paper we investigate an interesting definability phenomenon occurring in some ex- 
tensions of positive transcendence and infinite algebraic degree and derive a number of model 
theoretic consequences. While we know a great deal (though far from everything) about first- 
order definability over number fields and function fields, especially function fields over a fi- 
nite field of constants, and over fields which are "close" to being algebraically closed, we know 
substantively less about infinite algebraic extensions of rational fields which are "far" from al- 
gebraic closure. (See for example (2), |3), (4), El, (3, (8), (9), HO). H2, Q2), fj3], [H, E), 
fTBl . HZ), ED, [EH, EO], ED for a description of first- order and existential definability results 
over number fields and function fields. This list is very far from being exhaustive and is just 
supposed to give the reader a sample of the results on the matter.) 

The questions of definability are usually considered from the following point of view: given 
a field or a ring, describe the definable sets. In this paper we consider a different approach: 
given a subset of a field (or a countable collection of subsets), describe field extensions where 
this subset (or each set in the collection) is definable. Our construction is a generalization of a 
construction by Martin Ziegler (see (22)) which he used to show, among other things, that Z is 
definable in a class of fields. One of the main results of this paper can be stated as the following 
theorem. 

Theorem 1. LetF be any field. Then for any countable collection of countable subsets 

At ^FJej^cz Z >0 

there exist infinitely many fields K of arbitrary non-zero transcendence degree overF and of infi- 
nite algebraic degree such that each At is first-order definable over K. 

While Ziegler's paper had interesting definability results, its primary focus was proving the 
undecidability of finitely axiomatizable subtheories of various theories. The main idea which 
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enabled Ziegler to prove the undecidability results can be summarized in the following argu- 
ment. If M is one of the fields: L p (algebraic closure of a ¥ p (t), where ¥ p is a finite field of p 
elements, and t is transcendental over F p ), C, R, or <Q p , then for every rational prime q, not 
equal to the characteristic of the field, there exists a field K q c M with the following properties: 

(1) if H is a subfield of M, K q Q H, and [H : K q ] < oo, then either 

[H:K q ] = l 

or 

[H:K q ]=0 

(2) Each field K q is strongly undecidable, i.e 
cidable. 

Let n be a non-principal ultra-filter on the set of rational primes, let 

K=Y[K q m, 

and let 

M=Y\M/n. 

q 

If T is a finitely axiomatizable theory for which M is a model, then M and K are also models 
of 1, and therefore by Tos's Theorem for at least one q we have that K q is a model of X, imply- 
ing that X is undecidable. In his paper Ziegler considered among others finitely axiomatizable 
fragments of the following theories: 

• % p „ - the theory of a field of characteristic p > 0, where every irreducible polynomial is 
either of degree 1 or of degree divisible by q. (If p = 0, this theory is compatible with the 
theory of C, and if p > 0, then this theory is compatible with the theory of L p .) 

• %2 ~ the theory of a formally real field where all irreducible polynomials have degree 1 
or 2. 

• 1^, q ^ 2 - the theory of a formally real field where the degree of any irreducible polyno- 
mial is either 1 or is divisible by q, and the field is dense in its real algebraic closure. 

• % q , q^2- the theory of a formally p-adic field where the degree of any irreducible poly- 
nomial that has a zero in the p-adic closure is either 1 or is divisible by q, and the field 
is dense in its p-adic algebraic closure. 

Remark 1.1. In general, for any M, given the construction above, if % is a collection of state- 
ments that some polynomials have a root in a field while others are irreducible and if M is a 
model of %, then, as before, M is a model of X by Los's Theorem, K is algebraically closed in M 
by construction, and because K is algebraically closed in M, all the statements of % will be true 
in K. 

It follows form the discussion above that every finite subtheory of the theories listed above is 
undecidable and therefore all these theories are finitely hereditarily undecidable. We should 
also note here that in the case of positive characteristic the undecidability of each K q is obtained 
by interpreting the theory of graphs in these fields, and in the case of zero characteristic, Z is 
defined over each K q . 

Using a generalized version of Ziegler's construction we show the following. 
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mod q; 

. any theory for which K q is a model is unde- 



Theorem 2. Let U be a countable field, let £} be an infinite set of rational primes not including 
the prime equal to the characteristic of the field, let£% = {R q (T) : q e £}} c U{T), where all the 
zeros and poles ofR q are in U, at least one pole or zero ofR q ( T) is of degree not divisible by q, and 
for any xe U there exists y e U such thaty q = R q (x). Let 2? = {Pi(T), i e Z >0 } c U[T] be such that 
for any i e Z >0 we have that Pi{T) is irreducible over U and Pi does not factor in any extension 
of degree q e £}. Let = {Z[{T), i e Z >0 } c U[T] be such that for any i e Z >0 it is the case that 
Zi(T) has a root in U. Now if c 5>u&,&>,%' is a first-order theory of fields in the language with a 
constant symbol for every element ofU, consisting of the atomic diagram ofU and the following 
statements: 

(1) VqE£:Wx3y:yl = R q (x)); 

(2) Mi : {Pi(T) is irreducible); 

(3) V? : {Zi{T) has a root), 

then any finite subtheory ofXu^^,^ is undecidable. 

Remark 1.2. In Part|2j the polynomials are listed explicitly. In Part|3j the polynomials can be 
listed explicitly or we may have statements asserting that all polynomials of a certain form (e.g. 
degree) have a root. 

To prove the theorem above we follow Ziegler's construction except that in the case of positive 
characteristic we define a polynomial ring inside our fields K q . In order to do this we need a 
proposition below. 

Proposition 3. There exists G |= Ty^^ir of any transcendence degree over U. 

Proof Let G = U. We show how to construct a field G\ of transcendence degree one over G 
satisfying the same conditions. Let H = Go(f), and let H be the smallest field in the algebraic 
closure of H containing %JR q {x) for every q e £2 and every x e G. In this case every finite 
extension of G contained in H is of degree with each qi £ =S and can be decomposed 

into a sequence of extensions each of degree qi e £2 . By assumption on all the polynomials 
in & will remain irreducible under this extension. □ 

2. Technical preliminaries 

In this section we discuss several properties of function fields to be used in our construction. 
We first explain what we mean by a function field. 

Definition 2.1 (Function Fields). For a field C and an element t transcendental over C, we say 
that a field G is a one-variable function field over a field of constants C if GIC{t) is a finite 
extension and C is algebraically closed in G. 

Below we also use primes of function fields to prove that the fields we are constructing have 
the required attributes. For a general introduction to primes of function fields and their prop- 
erties, the reader is referred to 1 1 1 . We define primes of a function field below. 

Definition 2.2 (Primes of Function Fields). Let G be a one- variable function field over a field of 
constants C. Let teG\C. Let Og be the integral closure of C[t] in G and let Ooo be the integral 
closure of C[|] in G. We define a prime of G to be either a prime ideal p of Oq or a prime ideal 
q of Ooo such that q n C[|] is the prime ideal generated by |. The primes of Ooo will be called 
infinite primes. 
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We now define order at a prime. 



Definition 2.3 (Order at a prime). Let C, t, G, Og, Ooo be as above. Let p be a prime of G which is a 
prime ideal of Og- For x e Oq if m e Z> is such that x e p m+1 \p m , then we say that ord p x = m. If 
w e K,w ^0 and w = y> where xjeOc, then define ord p w = ord p x - ord p y. Define ord p = oo. 
The order at infinite primes is defined in an analogous manner. 

Remark 2.4. Given our definition of order, it is easy to see that for all a,beG and all G-primes p 
it is the case that ord p (a + b) > min(ord p a, ord p b), and if ord p a < ord p b then ord p (a + b) = ord p a 

Remark 2.5. Observe that for any non-zero constant element a of G and any prime p of G it is 
the case that ord p a = 0. At the same time if z e G \ C, then for at least one prime p of G we have 
that ord p z > (p is called a zero of z), and for at least one prime q of G we have that ord q z < (q 
is called a pole of z) . See (T) , Chapter I, Section 3, Corollary 3 for more details. 

We need to define one more object to facilitate the discussion below: 

Definition 2.6 (Divisors ). Let C, t, G be as above. Let &{G) be the set of all the primes of G. Any 
finite product 

21= Y\ p fl( P\a(p)eZ 
is called a divisor of G. If x e G, then a formal product 

2(x)= n p ordpx 

pe^(G) 

is called the divisor of x. (It can be shown that for any x e G the divisor of x has only finitely 
many terms with non-zero exponents.) The set of all divisors form an abelian group under 
multiplication. 

Next we need to define ramification, degree and relative degree. 

Definition 2.7 (Ramification). Let G be as above and let H be a finite extension of G. If Pg is a 
prime ideal of Og, then PqOh is not necessarily a prime ideal and it can be written uniquely as 
a product of prime ideals of Oh- 

m 

The power e[p H j/p G ) = e ; - is called the ramification degree of p^,/ over p G or over G. We also say 
that p Hi i lies above Pg in H and pc lies below p H j in G. Ramification degree for infinite primes 
is defined analogously. 

Remark 2.8. In the notation above, if x £ G, then ord PG x = ord Pw . x. 

Definition 2.9 (Degree and Relative Degree). In the above notation, if pG is a prime of Og, then 
pG is a maximal ideal of Og and i? PG = OqIPg is a finite extension of C. The degree [Rp G : C] is 
called the degree of pc- If Ph is a prime above pc in a finite extension H of G, then R Ph is a finite 
extension of Rp G and 

/(Ph/Pg) = [Rp H ■ R PG ] 

is called the relative degree of pn over pc or over G. The degree and the relative degree for 
infinite primes is defined analogously. 

Our first lemma deals with the issue of ramification for a function field extension. 

4 



Lemma 2.10. IfH/G is a separable function field extension with H = G{a) , for some a e H inte- 
gral with respect to a prime pc ofG (i. e. for every H -prime pH lying above a G -prime pa in H we 
have that ordp H a >0) and the discriminant of the power basis of a has order equal to zero at pc, 
thenpc has no ramified factors in H. (See ffl, Chapter III, Section 8, Theorem 7 and Lemma 2.) 

Below is another property of ramification we need for our construction which can be deduced 
from the definition of ramification as a power in factorization. 

Lemma 2.1 1. Let Gc H c Lbea tower of function field extensions. If pc is a prime ofG and pn 
andpi are primes abovepQ in H andL respectively, then e{pilpc) = s{Pl/Ph)^(Ph/Pl)- 

The next lemma is also a well known property of function field extensions. 

Lemma 2.12. Let LI N be a finite function field extension. Letp^ be a prime ofN and let 

pL,l,---,pL,n 

be all the factors ofpN in L. Let ei be the ramification degree ofpL,i overp^ and let f be the 
relative degree of pL,i overpN- Then 

(2.1) f j e i f i = n. 

i = \ 

(See |Q, Chapter IV, Section 1, Theorem 1.) 

From this lemma we derive two corollaries to be used in our construction in Section[3j 

Corollary 2.13. Let LI N be a finite function field extension such that [L : N] ^ mod q, where 
q is a rational prime number. In this case ifpN is a prime ofN, then for some prime pL ofL lying 
above pN, we have thateipi/pN) & mod q. 

Proof. Suppose the assertion of the lemma is not true. Let 

pL,l>--->pL,n 

be all the factors of pN in L. If for all i we have that e(pi,j/pjv) = mod q, then from 112.11 1 we 
conclude that q\[N:L] contradicting our assumptions. □ 

Corollary 2.14. Let LI N be a finite function field extension such that [L: N]^0 mod q, where q 
is a rational prime number. Letp N be a prime ofN. Ifx e N is such that ordp N x ^ mod q then 
for some L -prime pi lying above p jv, we have that ora\ L ^ mod q. 

Proof. By Remark l2.8l for any L-prime p r above pjv we have that ord Pi x = e(pi/pAf)ord PA ,x. Thus 
our conclusion follows from Corollary l2.131 □ 

Next we need an elementary lemma and two corollaries to establish a property of a class of 
field extensions. 

Lemma 2.15. Let G be any field and let qbea prime number different pom the characteristic of 
G. Let W g G \ G q , where G q is the set of all the q-th powers ofG. Let p be a root ofX q - W in 
some algebraic closure of G. Then [G(/3) :G] = q. 

Proof. Clearly [G{f>) :G]<q. Suppose f> is of degree m < q over G. Any conjugate of f> over G is 
of the form ^ l q /5, where ^ q is a primitive q-th of unity. If ^ p,...,^" 1 f> are all the conjugates of 

P over G not equal to p, then N G(i g)/ G (/3) = £ J q P m £ G, where j e Z> . Since [q, m) = 1, there exist 
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a,beZ such that aq + bm = 1 and thus W a tfqP m ) b = f> e G making W a q-th power in G in 
contradiction of our assumptions. □ 

Corollary 2.16. LetG beany field, let{qi,...,q n } be a set of distinct prime numbers such thatfor 
some {A\,. . . , A n } c G each of the polynomials T qi - Ai has no roots in G. In this case 

[G( c "if~A n ):G} = q l ...q n . 

Proof. By LemmaEIISJ we have that [G( V/M, q Kf~A^) :G]<q 1 ...q n since 

[G( V^, ., VA, : G( V^T, ••- VA)] < <7m- 

At the same time since G( VA) £ G( V^i. • ■ ■ - VAO we have that 

[G( V^,---, V^):G] = mod^...^, 
and the assertion of the corollary follows. □ 

Corollary 2.17. Let G be a function field over a field of constants C. Let qbea prime number not 
equal to the characteristic ofG, and letW eG\G q , where G q is the set of all the q - th powers in G. 
Iff) is a solution to X q -W = in some algebraic closure ofG, then the only primes ofG which 
ramify in the extension G(/3) / G are the primes which are zeros or poles ofW of order not divisible 
by q. For the latter primes the ramification degree is q. 

Proof. By Lemma l2.151 we know that [G(/3) : G] = q. Further, note that the discriminant of the 
power basis of f>, denoted by D{f>), is equal to Y\o<ijtj<mWi ~ Pj)> where /3, = t l q /3, and £, q is 
a primitive g-th root of unity Thus D[fi) = cW q ~ l with c e C, and if pc is a prime of G and 
ord PG W = 0, then the conclusion follows immediately by Remark l231 and Lemma l2.101 If, alter- 
natively, we have that ord Pc W = mod q, then by the Weak Approximation Theorem we can 
find an element V e G such that -gord PG V = ordp G W and replace W by W\ = WV q . If we now 
let Pi be a root of X q - W lt then clearly GQ0i) = G(/3) and ord PG DQ6i) = ord PG W?' 1 = 0. Thus 
the the first assertion of the corollary holds. 

Suppose now that ord PG W ^ mod q. If pG{p) is a G(/3)-prime above pc> then by Remark l2T8l 
we have that 

^ord PG(/j) /3 = ord PG(/j) W = e{p G[(i) lp G )ord PG W. 
Thus, q\e{pG(p)lpG)- Since by Lemma l2T2l we have that 1 < e[pG{p)lpG) ^ \G{p) : G] = ^, we must 
conclude that e(pGQ6) /Pg) = q- D 

Our next task is prove a series of technical propositions concerning evaluating the order at a 
prime. 

Lemma 2.18. LetG be a function field over a field of constants C . Let R(T) £ C{T). Let s e G\C 

A(T) 

and letp be a prime ofG. Let R{T) = , where A{T),B{T) e C[T] and are relatively prime in 

B{T) 

C[T]. If we suppose further that A{T)=\[ r ?l l {T-Ci) ni andB{T) =Y[ k i=1 {T - bi) ji witha.bieC 
and are all distinct, while all ni,ji are positive integers, then the following statements are true. 

(1) If p is not a pole of s and ordpR{s) ^ 0, we have that ordpR{s) = n(c)ordp(s - c), where c 
is the unique element o/R = {a\,. . . , a m , b\,..., b^} with ordp{s - c) > 0, and n{c) = ni, if 
c = ci, and n{c) = -ji, ifc = bj. 

(2) 7/p is not a pole ofs and ordpR(s) = 0, then Vc e R : ordp [s - c) = 0. 

(3) Ifp is a pole ofs, then ordpR(s) = ordps{degA{T) - degB(T)). 
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Proof. If p is not a pole of 5, then ord p (s - c) > min(ord p s,ord p c) > for all c £ R. Thus in this 
case we have two possibilities: either 

(2.2) 3ceR:ord p (s-c) >0 
or 

(2.3) VceR:ord p (5-c) = 0. 

In the former case we observe that the inequality in 1 12.21 1 can be true for at most one c £ R. 
Indeed, if we assume that for some ci^c 2 eRwe have that ord p (5 - c{j > and ord p (s - c 2 ) > 0, 
then we will conclude that ord p (ci - C2) > which is impossible by Remark [2751 Thus, if 112.21 1 
holds, we have that 

m k 

ord p i?(s) = ord p (5- a{) ni - £ ord p (s- bi) ji = n(c)ord p (s- c). 

i=l i=l 
Now if 1 12.31 1 holds, then, clearly, 

ord p i?(s) = 0. 

Conversely, if ord p i?(s) = 0, then H2.3H must also hold in view of the argument above. Thus the 
assertion of the lemma is true in this case also. 
Finally, if ord p s < 0, then 

m k m k 

ord p i?(5) = £ ord p (5-a ! ) n ' ord p (s-bi) ji = ord p 5(^ jj) = ord p s(deg^(D-degB(r)). 

/=1 /=1 /=1 i=l 

□ 

In the notation above, the following lemma gives necessary and sufficient condition for the 
order of R{T) at some G-prime p to be divisible by q. 

A{T) 

Lemma 2.19. Let G,R{T) = ,R be as in Lemma lZTR let q be a prime number, let w e G \ 
C,ueC. IfdegA[T) - degB(T) ^ mod q andp is a prime ofG, then 

(1) ordpR(w- u) = mod q if and only if either 

(2.4) 3c £ R: [n{c)ordp(w - u- c) = mod q A ord p {w - u - c) ^ 0], 
or 

(2.5) Vc£ R: ordpiw - u- c) = 0, 
or 

(2.6) ordptu < a3c£ R : [ord p {w- u- c) = modg]. 

(2) ordpR(w- u) ^ mod q if and only if 

(2.7) ordptu > a3ce R: n(c)ordp(w- u- c) ^ mod q, 
or 

(2.8) ordpW < A 3c £ R: ord p (w- u- c) ^ mod q. 
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Proof. (1) Set 5 = w - u. If ord p s > (and thus ord p w > 0) and ord p i?(s) = 0, then by Lemma 
12 .181 we have that Vc e R : ordp (s - c) = = mod q. If, alternatively, ord p s > (and thus 
again ordpif > 0), while ord p i?(s) ^ 0, and ord p i?(s) = mod q, then by Lemma 12.181 
again we have that 

3c e R : n(c)ord p (s - c) = ord p i?(s) = mod q. 

Finally if ord p s < and ord p i?(s) = mod q, then by Lemma 127X81 once more, we have 
that 

(deg A - degB)ord p 5 = ord p i?(5) = mod q. 
Given our assumption that degA[T) - degB(T) ^ mod q, we conclude that ord p s = 
mod q and thus for any c e R we have rc(c)ord p (s- c] = n(c)ord p s = mod q. 
Conversely, if H2.4H holds, then by Lemma l2.18l such a c is unique, and 

ord p i?(5) = n(c)ord p (5- c] = mod q. 

Further, clearly if Condition H2.5H holds, we have that ord p i?(s) = 0. Finally, if ord p s < 
and 3c £ R: [ordp ( w - u - c) = mod q], thenordpS = mod q and therefore ord p i? (s) = 
mod q. 

(2) First of all observe that if Vc £ R : [n(c)ord p {s- c) = mod q], then certainly 

ordpi?(s) = mod q. 

At the same time, if D2.7I I holds, then for the specified c £ R we have that ord p (s - c) > 
and by Lemma l2.181 

ordpi?(5) = n(c)ord p (5- c) ^ mod q. 
Finally, if (27J) holds, then 

ordp 5 = ordp [s - c) £ mod q 

and thus 

ordp R (5) = (deg A - deg B) ordp 5^0 mod q. 

□ 

Lemma 2.20. LetG, C,R{T),A(T),B(T), q be as in Lemma l2.19[ Assume also thatdegA > degB. 
Let aeG\C. If 2? is a finite set of primes ofG containing a pole t of a, then there exists be G\C 
such that ora\R{b) ^ mod q, while for allp e 2? w e have that 

ord p {R{a) q - R{b)) = mod q 

and 

ord p {R{a) q -R~ l [b)) = modg. 

Proof. By the Weak Approximation Theorem we can find be G\C such that ord t b = - 1 , and for 
all other q £ ^ we have that 

|ordqfo| > <7|ordpi?(a))|, 
ordq b < 0, 

and 

ord q fo = mod q. 

Thus, given our assumptions on degrees of A{T) and B{T), by Lemma l2.18l we have that 

ordiR{b) = (deg A- degB)ordt& ^ mod q 



and 

ord t R{b) < 0. 

At the same time observe that 

ordi(R(a)) q = q{degA- degB)ordta = mod q 

and 

ord t {R(a) q ) < oid t fl(fe) < 0. 

Therefore, 

ovd t {R(a) q - R[b)) = ord t R(a) q = mod q. 

Further, for any q £ J \ {t}, by Lemma [2.181 again, we have that ord q i?(£>) < qord q R{a) and 
oxd q R(b) = mod q. Consequently, 

ordqtR(a)' 7 - R{b)) = ord q R(b) = mod q. 

At the same time, for all p e 2? we have that 

ord p i? _1 (fo) > gordpi?(a), 

and thus 

ord p (R(a) q -R~ l (b)) = ord p i?(a)' 7 = mod q. 

□ 

Lemma 2.21. Let G, C be as in Lemma l2.18[ Let q be a rational prime different from the charac- 
teristic ofG. Let w g G. Let ve C be such that both v - w and v - w~ l areq-th powers in G. Then 
for any prime p ofG we have that ordp w = mod q. 

Proof. If w g C then for any prime p of G we have that ord p w = ord p w _1 = = mod q. If 
weG\C then for any prime p of G which is a pole of w we have that 

ordpO + w) = ordpu; = mod q. 

Similarly for any prime p of G which is a zero of w we have that 

ord p O+ w~ l ) = ordpU/ -1 = mod q. 

□ 

3. Definability Construction 

In this section we carry out the construction of our field. We construct a field whose transcen- 
dence degree is one over the given field but the construction is easily extended to any positive 
transcendence degre. Without loss of generality we assume that we have countably many sets 
to define. 

Notation and Assumptions 3.1. Below we will use the following notation and assumptions. 

• Let F be a countable field. Let {A u , u g Z >0 } be a sequence of countable subsets of F. 

• Let M be a countable field of transcendence degree at least one over F. Let t e M be 
transcendental over F. 
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• For each u e Z> , let i? M (S) e F{S). Assume further that all the zeros and poles of R U (S) 
are in F and at least one zero is of order not divisible by q u . This implies of course that 
at least one pole is of order not divisible by q u . Without loss of generality we can assume 

C M (S) 

R U {S) = -LHJ. 

B U {S)' 

where C U {S),B U {S) e F[S] and are relatively prime in F[S] . Assume also 

m u 

c u ts) = Y\(s-c Uii ) n «' i 

and ^ 

B u {S) = f\(S-b u ,i)j»j 
i=l 

with c Ui i,b Ui i g F and are all distinct, while all n Ui i,j Uii are positive integers. Assume 
additionally n Ui \ ^ mod q u and 

0<degC„(S)-degB M (S)^0 mod^„. 

Let 

— {Cu,l> ■ ■ ■ i Cu,m u > b u ,\> •••> bu,k u }- 

For ceR u let n(c) = n u ,i if c = a u ,i, and let n[c) = j u ,i if c = b Uti . 

• Let {q u ,ue Z> } be a sequence of distinct prime numbers not equal to the characteristic 
of M. Assume also that M contains g M -th roots of all its elements of the form R u (x) for 
any x e M, for all u £ Z> . 

• Let a u = c Ui i. In other words, a u is a zero of R U [T) with a multiplicity not divisible by q u . 

• For all u e Z >0 for any finite set 5, the complement of the set 

(3.1) {xeF:x= a+b, where a e A u ,beB} 

in F is infinite. 

• Letf u {W,S) = W^'-R u (S),ueZ >0 . 

• Let x e M. Then by q vfx, u e Z> we will mean an element y e M such that y^" = x. 

• For any field H such that Fez H and any u e Z >0 , let 

A Ui u = {ze H:3t£ H such that / M (f, z) = 0} = 
{z g H : 3g e H such that g q " = R u (z)} = {z e H : R u {z) e H^"} 

Remark 3.2. Observe that if Condition 13.11 does not hold, then A u can be trivially defined over 
F, and since we construct a definition of F, we will cover these cases also. 

The main result of this and the following section is the theorem below. 

Theorem 3.3. There exists a field K c M of infinite algebraic degree over F{t) such that each 
A u , u £ Z> is (first-order) definable overK. 

The proof is contained in the construction below. 

Construction 3.4. We construct K to be an algebraic extension of F(t) such that the following 
conditions are satisfied. 

(1) F is definable over K by a first-order formula, in particular 

(3.2) F = {a e K\ Mb e M : ((R 1 (a) qi + R±(b)) e K qi A (R 1 (a) qi + R^ 1 (b)) eK qi )^be A hK )}. 
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(2) For each u e Z>o we have that A u is definable by the first order formula over K and in 
particular 

(3.3) 

A u = {r e F|Vri, r 2 e F : in ± r 2 a n + r 2 = r => ((«*" - r x + aj e or (f*» - r 2 + a M ) e A^))} 

We will arrange for K = \J^Z Q Ei, where F(t) = Eq c E\ c ... c M and F^+i/Fj is a finite algebraic 
extension. We will also construct finite sets S i)M , w e Z >0 contained in E t n (M \ (Ak; >m u F)). We 
set = S 0|M c Si, M . . . and make sure that 

K\(A K , u uF) = ( |J S ilU ). 

ieZ> 

In other words, all non-constant iC-elements outside Ak, u are contained in the union of Si tU 's. 

To satisfy the conditions above, we will require the following to be true at each step of our 
construction: 

For every i, u and every 5 e S i)U , there exists a prime p s ,i,u of F; 
such that ord Ps . u R u {s) £ mod q u . 



(3.5) Vug Z> Vri, r 2 e F, r x r 2 £ : if n + r 2 e A M) then 

^seS iiU :[ord Psiu R u {t qu -ri+a u ) = mod g M ] or Vsg S i>u : [ovd Ps iu R u (t q "-r 2 +a u ) = mod^J. 

We proceed by induction. Let {x/} be a sequence of elements of M algebraic over F{t) such 
that every element appears infinitely often. Note that for E = F(t),S 0iU = 0,«£ Z >0 , Conditions 
113.41 1 and 113.51 1 are vacuously satisfied. 

Assume now (F;, Sj )M , u e Z >0 ) have been constructed already and consider four cases below. 



i = 4n: If no q u divides [F ; -(x„) :£,•] then set (Fj+i,S z -+i )M ) = (F/(x/),S;, M ), u e Z> . 

We show that Condition 1 13.41 1 holds for (Fj + i,Sj+i jM , w e Z> ). Since Sj+i )M = S/, M , by induction 
it is enough to show that every prime of Ei will have at least one factor in Ej+i with a ramifica- 
tion degree not divisible by any q u . This follows from Lemma l2.141 Thus for every u and every 
s g Si+i iU we can set pi+i iU , s to be a factor of pi, u ,s with a ramification degree not divisible by q u . 
Further, since S/ |M — S ; +i iM , Condition 1 13. 51 1 carries over automatically by Remark l2.81 

i = An + 1: 

(a) If x„ e" E{ then set {E i+ i, S i+ i tU , u e Z> ) = (F;, S iiU , u e Z> ) with p i+ i iU , s = pt, u ,s- 

(b) If x n g Ei, then follow the steps below. 

(1) For each u = 1, . . ., n do the following: 

if for some 5 g S; |M we have that ord Ps . u R u {x n ) ^ mod q u , then set 

(Ei+i,u< Si+i }U ) = (Ei, Si iU U {x n }); 

if for all 5 g Si tU we have that oxd Pius R{x n ) = mod q u , and F M (x„) & A Ei , u (or in 
other words F M (x„) is not a q u -d\ power in Ei), then set 

(E i+liU ,S i+liU ) = {Ed VRu(x n )),Si, u ); 

if R u {Xn) £ AEj.u (or in other words F M (x„) is a q u -th power in Ei), then set 

(F; + 1, M , Si+1 >M ) = {Ei,Si iU ). 
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(2) For all ue Z>„ set 

CEi+l,w> Si+i t u) — [Ei, Si iU ). 

(3) Set = n" =1 (by the product of fields we mean the compositum of fields, 
i.e. the smallest subfield of M containing all the fields in the product). 

(4) For all u £ Z >0 and all 5 £ S i+ i, M set pi + \, UiS equal to any factor of pi iU ,s in E i+ i with 
ramification degree not divisible by q u . 

We claim that all the parts of this step can be executed and Conditions 113.51 1 and 1 13.41 1 hold after 
this step. First of all note that [Ei+i : £/] = „^£, : qu by Corollary l2.161 and therefore for all u 
such that Ei+i i u = Ei, and for all se Sj iU , every pi iUiS has a factor in E i+ i with ramification degree 
not divisible by q u by Corollary l2.131 Now let u e {1, . . . , n} be such that E i+ i iU = Ei ( q V/R u {x n )) 
and note that we can separate the extension Ei+i I Ei into a tower of two extensions: 

Ei ^X u a Ei+i, 

where X u = \[j^ u ,E M j^EfEi+ij. Observe that by Corollary 12 .161 again, the degree of the first 
extension is equal to 

n m 

j^u,E i+lij ^Ei 

and every prime corresponding to elements of S ; - |M will have a factor in X u of ramification de- 
gree not divisible by q u . Finally, by Lemma l2.101 no factor of p/, s , M in X u will be ramified in Ej+i. 
Thus, by Lemma l2.111 we know that pi, s ,u will have a factor in Et+\ with ramification degree not 
divisible by q u . Therefore Condition A3 .41 1 will still be satisfied after this step. Since for every 
u e Z> and every s e S/+i, M , the prime p;+i, M , s lies above a prime pi, u , s £ S !jM , we have that Con- 
dition 113.51 1 is satisfied after this step by induction hypothesis and Lemma l2T4l 

i = 4n + 2: 

(1) x n #Ei orx n eF. In this case (£ i+ i,S i+1 , U) «eZ >0 ) = (E i} S i)U , u £ Z >0 ). 

(2) x n g Ei \ F. Let p be a pole of x n . This pole exists by Remark 1231 For each 1 < u < n do 
the following. 

(a) Check to see if Condition J3.5I I is satisfied for the set of primes 

^ = {Ps,i,u-seS i)U } u{p}. 

If Condition 03 - 5 D is not satisfied, then for some r\ , rz £ F with r\ + rz £ A u and r\ r2 
Owe have that for some q £ srf , it is the case that ordqCR^f^" - r\ + a u )) ^ mod q u 
and for some t £ srf ', it is the case that ordt(i?(r^" - r 2 + a u )) ^ mod q u . Since 
Condition J3.5I I was previously satisfied for {p s ,/, u , 5 £ S ; }, we conclude that for some 
r^Owe have that ord p i?(r^" - r + a u ) ^ mod q u and for all p s ,i, u > s £ S I>M , 

ord Psi u R{t q " -r + a u ) = mod q u . 

We note that there can be only finitely many r £ F with such a property. Indeed, p 
cannot be a pole of t as otherwise ord p [R{t q » - r + a u )) = mod q u by Lemma l2T9l 
Thus, 

ord p (^"-r-c+fl M )>0 

for some c £ R M by Lemma 12.191 again. Similarly if the above condition held for 
some f £ F we would have ord p [t q " - f - c + a u ) > for some c £ R M . Consequently, 
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ordp (r - r + c - c) > 0. The last inequality can hold only ifr-r + c-c = 0. However, 
c-c can take finitely many values only and therefore the set 

V ilU , p = {reF:ord p R u {t q "-r + a u )^0 mod q u aVs g S iiU ,ord Pius R u {t qu -r + a u ) = mod q u } 

is finite. 

Let 

E i)U = Ei( ^R{t«-r + a u ), r £ V itUiP ), 

and observe that in the extension Ei tU IEi the prime p will be ramified by Corollary 
ET7]while 

[E i>u :Ei\ = q b u ,b>\ 

by Lemma l2.15l Let p be a prime above p in Ej iU . At the same time, observe that 
no pi,u,s> s £ Si tU will be ramified in E\ u by Lemma [27T71 Let pi <UiS be an E^-prime 
above pi, u>s . 

(b) By Lemma l2.20l there exists b u £ E[ <u such that 

(i) ordp(Ru(x n ) qu + R u (b u )),OTdp s i u (R u (x n ) c)u + R u (b u )),seSi iU are all divisible by 
<? M , and 

(ii) 3q £ {p,p ; >, M ,5e S iiU } such that ordqi^Oj = n uA ^0 mod<7 M . 

(c) Define {E i+1)U , S i+1)U ) = {E iiU { R u {x q n ") + R u {bJ), S i>u u {b u }). Observe that 

Further, no prime from the set {p,p/, s , M ,5 £ S,, M } is ramified in this extension by 
Lemma|2J7l Let p lie above p in E i+ i, u and for every u — \,...,n and every 5 £ Si iU , 
let p iiSyU lie above p 

(3) Set Ej+i = n"=i E i+ i }U . Note that all the prime factors of : Ej] are in the set {q\, q n } 
by Corollary l2.16l and no prime from the set {p,p/, s , M , 5 £ S i>M } is ramified in the extension 
Ei + \IEi + i, u for any u = \,...,n by Lemma 12.171 again. Therefore for every w = l,...,n 
we can let p/+i, M>s be any factor of pi <u , s in -Ei+i- Observe that for all u = l,...,n and all 
5 £ Si tU we have that 

e{pi+i,u,slpi,u t s) = e(Pi+i,u,s/pi,u,s)e{pi iUyS /pi iUiS ) = e(p itUtS lp itUtS ) = 1 
and therefore for any u = l,...,n and any 5 £ S !)U we still have that 

ort W, u 5 ^ mod^f M . 
Next let pi+i lU ,b u be any factor of p in Ei+i and observe that 
e{pi+i,u,b u /p) = e(.Pi+\,u,b u lp)e{plp) = 1 

and therefore ord Pi+1 u b b u = ordpb u ^ mod q. 

For every u e Z >n set S i+ i iU = S i>u . For any 5 £ S i)U let p/+i, M , s be any factor p i<UiS in 
Ej+i with ramification degree of £; not divisible by q u . (As before such a factor exists by 
Corollary l2.14l ) Given this choice we now have for all u > n and all 5 £ S ; , M = S i+ i jM that 
ord P;+1 u s s ^ mod q u by Remark [2T8l 

We claim that Conditions 1 13.51 1 and H3.4H are satisfied after this step. If x n e" E[ or x n £ F, there 
is nothing to prove. So assume that we are in the case of x n £ E{ \ F. From the discussion above 
it is clear that Condition 1 13.41 1 is satisfied. Next we note that Ei iU was constructed explicitly so 
that Condition 113 .511 held in Et tU for all primes in s# '. Note that each pi + i tU>s , s £ S ;+ i, M is a factor 
of a prime in srf ' . Thus, by Remark l2lfl Condition H3.5H is still satisfied in Ei+i for u< n. 
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At the same time for u > n Condition [33] is satisfied by induction and Remark I2l3l again , since 

Si,u — Si+i iU . 

i = 4n + 3: For each u = 1, . . ., n do the following. 

(1) If x n e A u or if x n & F, then [Ei 

+l,u> Si+l,u 

) = (Ei,Si). 

(2) Assume x n e F\A U . Let p r be a prime of F{t) corresponding to t - q \pr if r is a f/ M -th 
power in F or to t q " - r if r is not a q u -th power in F, and let p r be any -prime lying 
above p r . Note that for all r ^ we have that ordp r (t' 7 " - r) = 1 and for all but finitely 
many r £ F we also have that ord Pr ( t q " - r) = 1. (It will be bigger than 1 only if p r ramifies 
in the extension Ei/F[t) and there are onlyfinitely many ramified primes.) If ceR u then 



(3.6) ord Pr (f' 7 "-r + fl M -c) = | 



e(p r lp r )ni tU if c = a u = a iU 
ord Pr {a u - c) = if c ^ a u = c hu 



Thus 



(3.7) oxd Pr R u {t qu -r + a u ) = 



1 ic u \ rm u \ 

(3.8) \Y, n z,uOrd Pr (t c,u -r + a u -c ZiU ) - Y. h,uOxd Pr {t qu - r + a u - b ZtU ) = 

(3.9) e(pr/pr)"i, M ^ modg M 
for all but finitely many primes, and the set 

C u = {reF* |ord Pr R u (t q " - r + a u ) = mod q u } 
is a finite set. Next let B u be the union of the two sets below: 

{geF:3seSi, u ord Pius R u (t q "-g+a u ) ^0 mod q} 

{geF: ord Pr . i? M (^" - g + a u ) ± mod ; = 1,2}, 

and observe that B u is a finite set. Indeed, for any prime p of Ej the set of g e F such that 
ordpi? M (^ u - g+ a u ) ^ mod q is finite. By Lemma [2 .181 p cannot be a pole of t since 
in that case ordpi? u (f^" - g + a u ) = mod q. Therefore by the same lemma we have that 
ordp [t q " - g + a u - c) > for exactly one c e R u . But for some unique a p e F we have that 
ordp [t - a) > and therefore we conclude that a^" - g + a u - c = 0, giving us a unique 
value of g. 

Let r\ g F be such that the following conditions are satisfied: 

(3.10) ntCu, 

(3.11) r! 7^ x n - x, where xe C u , 

(3.12) n^A u -a u + R u -B u . 

Next let T2 = x n - r\. By assumption (see Notation and AssumptionsED , infinitely many 
elements of F satisfy J3.12I I , and only finitely many elements of F can fail to satisfy O.10II 
and t3.11) . Thus we can certainly choose r\ to satisfy H3.10I I - J3.12I I. 

Set E i+ i = Ei, set S/+i, M = S iiU u {R u {t q " -n + a u ),R(t qu - r 2 + a u )} for u = l,...,n and 
Si+i, u = S itU for u > n. Since r 1} r 2 e" C u , we have that ord Pr; R u {t qu - r t + a u ) ^ mod q u 
and therefore Condition H3.4H is satisfied. 
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Suppose now that Condition 113.51 1 is not satisfied for some u and for some f\ + ?2 e 
A u . Since Condition H3.5H was satisfied before this step we can assume without loss of 
generality that ovdp ius R u (t qu ~h + a u ) = mod q u for all 5 e S/ (M and 

ord Pn R(t q " - fi + a u ) £ mod q u . 

Since we know p n not to be a pole of t, we know that ord Pri [t q " -f\ + a u — c) > for 
some c £ R M by Lemma 12.191 But we also have that ord Pri (t q " - r\) > and therefore 
ord Pri (ri - fi + a u - c) > implying that 

(3.13) ri = ri-a M + ci 

by Remark l2"T5l Thus we have that r\ + f 2 = a - a u + c, where a e A u and 

f 2 = a-a u + c-rigB u , 

by assumption on ri, implying that 

ordp. UiS R u it q " -r 2 + a u )=0 mod q u 

for all 5 g Si iU and 

ord Pn - ?i + a u ) = mod q u . 
Consequently, Condition H3.5H is still satisfied after these steps. 

Remark3.5. Step An can be omitted without changing the definability properties of K. 

4. Properties of K. 

In this section we complete the proof of Theorem l3.3l by proving that the constructed field K 
has the desired properties. 

Theorem4.1. (1) For all ueZ> we have that K\ A Ui k = Uzez>oS;,u- 

(2) Formula i3.2i holds over K. 

(3) Formula d3 .3D holds over K. 

(4) IfH c M is such that K^H and [H : K] < oo, then [H : K] = I or [H : K] = mod g M /or 
some u. 

Proof. (1) Let S u = Uiez> Si, M - Suppose xe S u and x e As:, M . Then for some i we have that 
x is a in Ae 1)U while x e S ;>M . But this would contradict Condition ( I3.4D requiring that for 
some prime p; of we have that ord Pi i? M (x) ^ mod q u . 

Suppose x £ K and x e" Ar- (M . Let n be such that x was added to for some i < n and 
x = x„. In Step An + 1 we check if for some s e S !jM it is the case that ord Ps . u R u (x) ^ 
mod q u . if such an s is found x is added to S ;>M and thus x e S u . Suppose no 5 with 
ord Ps / u x ^ mod q u was found. In this case we add q KjR u {x) to Ej and x becomes an 
element of Ak, u contradicting our assumption. Thus, x e S u . 
(2) Let x £ K and assume that in some F[ containing x the divisor of i?i(x) is a ^i-th power 
of another divisor. Then R\ (x) is a q\ -th power in K. Indeed, let n be such that x e F[ for 
some i < n and x n = x. Then since the order of all zeros and primes of i?i (x) is divisible 
by q\, in the step An + 1 we have that %fR\ (x) is added to E n . 

Suppose now that a & F. Then by step An + 2 of the construction there exists b e K 
such that Riib) is not a gi-th power but R\{b) + R\{a) qi is a <7i-th power. 
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Let a e F, let b e K satisfying R x {a) * + i?i (b) e AR l {a) cll + e K9 1 Then in some 
i?i we have that the order at all the poles and zeros of R\(b) is divisible by q\. Hence by 
the argument above, R\ (b) is a q\ -th power in K. 

(3) Let u be a positive integer. Suppose r e F and r £ A u . Then by Part 4n + 3 of the con- 
struction 3r±,r 2 g F with r\T 2 ^ such that - ri + fl u ) and (f^" - r 2 + a M ) are in 
S u and therefore cannot be in Ak, u by Part 1 of this proof. Suppose now that r e A u , 
r±,r 2 £ F r x r 2 ? 0, r x + r 2 = r but (f*» -r x + a u g. A K>U ) A (f*« - r 2 + a M £ A^J. In this case 
(f^ !< - ri + a M g S/ )M ) A (f^" - r 2 + a u £ S/ jM ) for sufficiently large i by Part 1 of this proof. 
But this contradicts Condition J3.5I I . 

(4) Suppose there exist an element a e M algebraic over i<T and of degree n such that [n, q u ) = 
1 for all u. If Oq, .. ., a n _i e i(T are the coefficients of the monic irreducible polynomial of 
a over and is such that D , D n - X , then a is of degree not divisible by any q u over 
any Ej with 7 > i. In this case, however, a would have been added to some Ej in a step 
An for some n. 

□ 



5. Undecidability of Theories 

In this section we prove Theorem[2]by specializing the Section|3j Let U, J2,&, 8? be defined 
as in the statement of this theorem. By Proposition[3]we can assume that there exists 

G 1= Hu,£M,S? 

of transcendence degree at least one over U, if U is not algebraic over a finite field and of tran- 
scendence degree at least 2 if LA is algebraic over a finite field. For each q implement the con- 
struction above with M = G, F = U, if U is not algebraic over a finite field, and F = U{t) with 
t transcendental over U, if U is algebraic over a finite field. Further let q\ = q, A = Z if the 
characteristic is 0, and A = ¥ p [t] if the characteristic is p > 0. 

The constructed field K-K q will satisfy the following conditions: 

(1) A is definable over K q . 

(2) Any non-trivial finite extension of K q in G is of degree divisible by q. 

Now let H be any non-principal ultra-filter and let L = Y\ q K q ID. and let G = Y\ qe ^ G/O. By a 
standard argument using Los's Theorem, we have that L is algebraically closed in G, while G is 
a model of Tt/,^,.^,,^- Thus we have that L is also a model of Tt/,^,.^ 1 ,^ an d consequently any 
finite subtheory of this theory has at least one K q as its model, making the subtheory undecid- 
able. 

Below are some examples of theories covered by our theorem. 

Example 5.1. A theory Ty^^, where =2 consists of all the primes equivalent to 3 mod 5, 
Rq[T) = T, Pi{T) = T qi - 3, with q t a prime not in £?, and U is the field obtained from Q by 
adjoining all the <7"-th roots of all integers for all q e £} and all n e Z >0 . 

Example 5.2. A theory of a field of any characteristic not equal to a prime number p, where all 
the polynomials of degree not divisible by p have a root in the field and some polynomials of 
degree p do not have a root. Here we also let R q {T) = T, for q ^ p. 

16 



6. Some Open Questions 



One of the motivations of this paper was our interest in finding new finitely hereditarily unde- 
cidable theories, in particular in cases where the original theory is decidable. In this connection 
we have the following questions. 

(1) It is known that the theory of the field of all totally real algebraic numbers is decidable 
(see (5)). Is this theory finitely hereditarily undecidable? 

(2) Is the theory of pseudo real closed fields (PRC fields) finitely hereditarily undecidable? 

(3) In general, if T is a theory of any subfield of Q, the algebraic closure of Q, is % finitely 
hereditarily undecidable? (We know that this is true for number fields.) 
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